In the wood utilization industry, both stem profile and biomass are important quantities. The two have traditionally been estimated separately. The introduction of a density-integral method allows for coincident estimation of stem profile and biomass, based on the calculus of mass theory, and provides an alternative to weight-ratio methodology. In the initial development of the technique, sectional bole weight was predicted from a density integral formed from two equations that were fitted independently using ordinary least squares: (1) a stem-profile, or taper, function and (2) a specific gravity function. A test for contemporaneous correlations using slash pine (Pinus elliottii Engelm. var. elliottii) and willow oak (Quercus phellos L.) data showed highly significant correlations between the density integral and the stem-profile equation as well as the specific gravity equation. However, there was little or no correlation between the stem-profile and specific gravity equations. Because contemporaneous correlations exist between some of the equations, more efficient parameter estimation can be achieved through joint-generalized least squares, better known as seemingly unrelated regressions. However, the improvement in efficiency across parameters varies markedly based on the pattern of contemporaneous correlations. A simultaneous system of three equations was derived for slash pine and willow oak ,with nonlinear constraints across equations. Parameter estimates from seemingly unrelated regressions estimation had smaller standard errors in all cases than those from ordinary least squares estimation. For slash pine, standard errors were reduced by 11 to 29% and for willow oak, by 5 to 20%.
Introduction
As early as 1950, the use of weight as a measure of wood quantity has been practiced by many of the larger companies in North America and northern Europe (Husch et al. 1982) . The use of weight measurement has steadily grown in HEIGHT specifying the amount of hardwood is nonetheless appealing because of the recent increased interest in the utilization of smaller hardwood stems in chipboard and paper furnish.
This paper develops an integrated approach for stem biomass estimation that was first introduced by Parresol and Thomas (1989) using a piecewise approach. This new approach uses a generalized integral model for the prediction of dry-weight yield of wood for any portion of a tree bole, given diameter at breast height (DBH) and total tree height (H). This contrasts with the standard approach for predicting sectional bole weights, namely the use of ratio equations times total stem weight equations. We investigated the comparison of the weight ratio and the integrated approach in the earlier paper and found significant improvement in prediction using the integrated approach.
Methodology
The weight of an object is simply its volume multiplied by its density. It is the basis for calculation of bolt dry weights from sample trees used in biomass studies. The normal procedure is to cut disks from the base of each bolt for laboratory determination of its density or its specific gravity. Since the base of a bolt is the top of the previous bolt, a measure of density at the ends of each bolt (except the tip) is obtained. A weighted average bolt density (where weight is disk cross-sectional area) is determined, which is then multiplied by bolt volume to obtain bolt dry weight. The need for weighting density results from the fact that it varies throughout the tree. Specific gravity typically changes as a function of height within a tree stem, decreasing from base to tip (Husch et al. 1982; Thomas 1987, 1989) . Other factors such as age and size (i.e., DBH and H) may affect tree specific gravity (Taras and Wahlgren 1963) .
Weight-ratio approach
When researchers first started fitting tree volume equations for different merchantability limits, they found, contrary to logic and fact, that the regression lines sometimes crossed each other. To circumvent this problem researchers devised a two-step method to calculate merchantable volume to any utilization specification. First, they estimated an equation to predict total tree volume. Second, they estimated an equation to predict the proportion or ratio of merchantable volume to total volume given the merchantability limits. When attention shifted to estimating tree biomass, it was natural to apply the ratio approach, thus avoiding similar problems encountered in tree volume estimation (Williams 1982) .
The weight-ratio approach uses the following relationship:
where w is merchantable weight, W is total weight, and R is w/W. Interested readers may refer to Honer (1964) , Burkhart (1977), and Van Deusen et al. (1981) for the early developmental work on the ratio approach. Parresol and Thomas (1989) compared the weight-ratio approach with the density-integral approach and concluded that the density-integral approach gave more precise estimates of sectional and total bole weight. Parresol and Thomas (1989) derived a tree density-integral model by applying some simple calculus of mass theory. Many standard calculus texts (e.g., Loomis 1977, p. 622; Swokowski 1983, p. 799 ) define mass (M) for a lamina with a continuous, varying density function p(x, y) using a generalized equation:
Density-integral approach
where R represents the region of integration, A is area, and x and y are the dimensions of the lamina. The threedimensional structure of a tree is easily conceptualized as a two-dimensional lamina by taking cross-sectional area (y) as one dimension and height above ground (h) as the other dimension (Fig. 1) . As we move from lower limit h, to upper limit h, in Fig. 1 
One could fit stem profile (f(x)) and density (p(x)) independently and place them into model [2] for prediction of biomass. The coefficients off(x) are of interest in and of themselves because of their application in the prediction of taper and volume. Furthermore, one would expect weight, density, and volume to be correlated at the same measurement bolt on the tree. This correlation is referred to as contemporaneous in econometric methods and literature (Srivastava and Giles 1987, pp. 5-6; Judge et al. 1988, p. 443) . It has been shown that ignoring the correlation leads to inefficient estimates of the parameters (see, for example, Srivastava and Giles 1987, Chaps. 3 and 4; Judge et al. 1988, Chap. 11) . Thus econometricians recommend to check for contemporaneous correlations.
Data summary

Slash pine
The data are described by Lohrey (1984) . Data were collected from permanent growth and yield plots scattered throughout Louisiana. The database consists of 192 felled plantation-grown slash pine (Pinus elliottii Engelm. var. elliottii) trees, 106 of which were from unthinned stands and 86 of which were from stands that had been thinned from below. All trees were cut at a 0.15-m stump. Diameter inside bark in centimeters was measured at 0.15, 0.6, and 1.4 m and every 1.5 m thereafter throughout the remainder of the stem. Total tree height in meters was measured, and the stem was sectioned into bolts. After each bolt was weighed, a 4 cm thick disk was cut off the bottom end for laboratory determination of wood specific gravity. Bolt volumes inside bark were calculated using Smalian's formula. A weighted (by cross-sectional area) average wood specific gravity was computed based on disks from the upper and lower end of each bolt, so that dry weight of the bolt in kilograms could be determined. Table 1 gives some simple descriptive statistics on the trees.
Willow oak
The willow oak (Quercus phellos L.) data are described by Schlaegel (1981) ; we briefly review his descriptions here. Data were collected from 10 natural bottomland hardwood stands in Mississippi. Sixty-one trees were chosen for destructive sampling from uneven-aged mixed species stands. Stump height, total height, and age were measured on each tree. Diameter inside bark and specific gravity were determined at stump height and then from ground to tree top at 1.5-m intervals along the bole for trees 13 cm DBH and larger and at 0.9-m intervals for trees smaller than 13 cm DBH. Bolt volumes and weights were calculated in an analogous manner to the slash pine. Table 1 gives simple descriptive statistics on the trees.
Models
Taper Our first step was to obtain a simple taper model that provides a practical fit of the volume of the bole. We settled on a simple trigonometric transformation that resulted in a three-term taper model (Thomas and Parresol 1991 ) that fit the data as reliably as multitermed polynomial models. It has the form
where d is diameter inside bark, D is DBH, and c is 1.5 for slash pine and 2.0 for willow oak.
Specific gravity
Careful examination of plots of the specific gravity data revealed linear trends over all variables tested. The following variables were used in fitting all possible regressions: relative height, stem diameter inside bark, age, site index (base age 25 years, slash pine only) (Zarnoch and Feduccia 1984), DBH, and total tree height. Examining the residual sum of squares for each subset revealed that only the variables relative height and age were important in estimating bole specific gravity. The following equation was fitted separately to the unthinned and thinned slash plantation data and to the willow oak data:
[41 SG = I&, + Pzp + P22A + e where SG is specific gravity, and A represents age in years.
Density integral
The specific integral weight equation for slash pine and willow oak stemwood dry weight is derived below. Giveñ (4 = (P2o + P2,x + P22A)kl andf(4 = D2Wll(x -1) + B,*(sin cnx) + B,s(cot nx/2)]k,, where k, = 1000 (the factor for converting SG to density in kg/m3) and k, = IT/ 40 000 (the factor for converting D2 from cm2 to area in m2), the following model is obtained upon integrating eq. 2, simplifying results, and expressing in linear form: [51 -$g = p3,[[v) -(x,-xl where T is number of observations.
The variances and covariances are unknown and must be estimated, with their estimates being used to examine the question of contemporaneous correlations and to form the SUR estimator. To estimate the oij, first estimate each equation by least squares bi = (XIX,)--'X:y, and obtain the least squares residuals ei = yi -X,b,. Consistent estimates of the variances and covariances are then given by where the degrees of freedom corrections Ki and Kjare the number of coefficients per equation. If we define Z as the matrix containing the estimates eij, then the restzicted SUR estimator is obtained by minimizing (y -Xp)' (2-l @ I) (y -XB) subject to the nonlinear restrictions q(p) = 0. For our purposes, equality restrictions can be introduced by reducing the dimension of the parameter space. The p vector contains 15 parameters but as has been noted the system really has only 6 parameters. The restrictions can be expressed in the form Starting values for hi, were obtained by applying OLS to eqs. 3 and 4. GAUSS version 3.0 matrix language software (Aptech Systems, Inc. 1992) was used to solve for di from iteration function [7] . The relative offset orthogonality convergence criterion (ROOCC) of Bates and Watts (1981) was used to determine convergence of the parameter estimates (ROOCC < 0.001). It is defined as which is a measure of the orthogonality of the residuals to the Jacobian columns, and goes to zero as the gradient of the objective function becomes small. The covariance matrix of the parameter estimates is calculated as
L$ = [F'($-' @ I)F]-'
Analysis and results
Testing for contemporaneous correlations
If contemporaneous correlations do not exist, least squares applied to the restricted system in [6] (which is equivalent to applying OLS to models [3] and [4] for this particular system of equations) is fully efficient and there is no need to employ the seemingly unrelated regression estimator. Thus, we want to test whether all of the contemporaneous covariances are zero. It should be noted that only one covariance needs to be nonzero to achieve a theoretical gain in efficiency (Breusch and Pagan 1980) . In the context of the density-integral system, the null and alternative hypotheses for this test are Ho: CT12 = cr,j = CT23 = 0
Hi: at least one covariance is nonzero An appropriate test statistic is the Lagrange multiplier statistic (Judge et al. 1988, p. 456) . In the three-equation case this statistic is given by A = T(rf, + l-y3 + r;,, where is the estimate of squared correlation
Under Ha, X has an asymptotic x2 distribution with 3 df.
Slash pine
Upon applying SUR to the density-integral system of equations forAunthinned and thinned slash pine stands, the following 2 matrices, which contain the eij's, were obtained: Table 2 lists the parameter estimates and associated standard errors from OLS and SUR estimation for the slash pine density-integral system. The standard errors are all smaller under SUR estimation, indicating more efficient parameter estimates as was hypothesized. As can be seen in Table 2 , standard errors were reduced by 11 to 13% for the specific gravity -biomass coefficients and by 15 to 29% for the taper-biomass coefficients. The contemporaneous correlations between equations can be constructed by taking the square roots of the values from eq. 8 and attaching the sign of the numerator. For the unthinned slash pine system they are r,* = -0.071, r,s = 0.667, r,, = 0.441. For the thinned slash they are r,2 = 0.029, 7,s = 0.698, = 0.441. There is a strong correlation between the taper (eq. 3) and biomass (eq. 5) models. There is a good correlation between the specific gravity (eq. 4) and the biomass models, and a very weak correlation between taper and specific gravity models. This explains why the standard eqors for fhe specific gravity -biomass coefficients (&,, pZ,, and a,) were not reduced as_much as for the taper-biomass coefficients (B, , , Bt2, and Bts) . Regression results, in terms of coefficients of determination and root mean square errors, for slash pine are given in Table 3 . The fit of the biomass model (eq. 5) appears very good. As a final check of the performance of the SUR approach, we plotted the unthinned and thinned slash pine taper equations and examined the plots to assure that no undue shifts in the shapes of the stem boles had occurred as a result of the fitting procedures.
Willow oak
The results for willow oak are similar. The following 2 matrix was obtained: The Lagrange multiplier statistic indicates significant contemporaneous correlations. Table 4 lists the parameter estimates and associated standard errors from OLS and SUR estimation for the willow oak density-integral system. As with slash pine, the standard errors are all smaller using SUR estimation, indicating that more efficient parameter estimates were achieved over using OLS. As can be seen in Table 4 , standard errors were reduced by 5% for the specific gravity -biomass coefficients and by 16 to 20% for the taper-biomass coefficients. The willow oak system did not realize as much of a gain in efficiency as the slash pine systems, which is not surprising because the slash pine grew in homogeneous plantations, whereas the willow oak sample trees were from heterogeneous natural stands. The contemporaneous correlations between the willow oak equations are r,2 = -0.057, r,s = 0.767, rz3 = 0.170. Again, there is a strong correlation between the taper (eq. 3) and biomass (eq. 5) models. However, the correlation between the specific gravity (eq. 4) and the biomass models is poor, and there is only weak correlation between taper and specific gravity models. Overall, the between-equation correlations are not as strong in willow oak. The poor to weak correlations of the specific gravity error term with the taper and biomass error terms explain why there w-as oply a modest 5% reduction in standard errors for the &a, B2,, and BZ2 coefficients. Table 5 lists the regression results for the willow oak system of equations. As with the slash pine, the fit of the biomass model (eq. 5) appears very good. A plot of the taper equation assured us that the generated stem-profiles matched the data.
A surprising result is that the linear trend of specific gravity over relative tree height (BZ1) and tree age (B2J had a positive slope and a negative slope, respectively (Table 4) . This is counter to what we have observed with every other species we have worked on. Willow oak does not readily prune itself of branches, and a tendency exists for the production of epicormic branches (Bums and Honkala 1990) . Perhaps this characteristic promotes an increase in wood density. We have no explanation on why specific gravity should decrease with age, and a graph of the data clearly shows this trend. The mean tree age was 68 years, so these are not young trees. In general, tree growth slows after a certain age with a resultant increase in wood density.
Discussion
Taper and biomass are critical components of forest product characterization. Use of a taper model allows industry to assess the product yields of trees to capture the highest value from the raw wood. Biomass is most important in assessing chip furnish yields for paper industry. The mix of forest products between hardwoods and softwoods has also changed over recent years, making characterization of the yields of hardwoods more widely needed.
The tree taper-volume-biomass system we have developed is based on parsimonious taper models that can be integrated for the whole bole or portions of it and yet have small errors in any portion of the bole. Practically speaking, the functions fit best in that portion of the bole that is merchantable. The deviations that occur are minor, located in the tip and in the stump. Use of the trigonometric function avoids multiple join points in segmented regressions to estimate bole volume. Even so, use of these straightforward trigonometric equations leads to complicated solutions for the entire system. Methods for solution of restricted SUR have provided a route to minimize errors in the coefficients and allow for direct evaluation of the biomass function. The coefficients developed using this approach are important in both high value sawnwood product predictions and in total volume and biomass predictions. Gains in efficiency of estimation compare favorably with other applications of SUR, which also validates the application to this problem (Zellner 1962; Judge et al. 1988, Chap. 11) . Taper-volume-biomass data are obtained only through labor-intensive field measurements, which are also costly. The best techniques available should be employed to obtain the best inferences possible. Computers and software have made integrated systems like this possible so that we can take advantage of the mathematically complicated, but unified approach to solutions for the taper-volume-biomass system of equations.
